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Abstract.

We examine the question of the minimal Sobolev regularity required to
construct local solutions to the Cauchy problem for the isotropic Benney-
Luke (BL), isotropic p-generalized Benney-Luke (p-gBL) and generalized
Benney-Luke (gBL) equations. The main results in this work regards the
global well-posedness of the initial value problem (IVP) associated to the
(BL), the (p-gBL) and (gBL) equations in the energy space, H?(R*)NH'(R?)x
H'(R?), the local well-posedness of IVP associated to the (gBL) in H*(R?) x
H*Y(R?) for 9/5 < s < 2. The IVP associated to the (BL) is locally
well-posed in H*(R3) x H*"}(R?) for 2 < s < 5/2. We also study the
Cauchy problem in the periodic case for the isotropic Benney-Luke and gen-
eralized Benney-Luke equations. In this case we have local well-posedness in
H*(T x R) x H*"Y(T x R) and H*(T?) x H*"(T?) for 2 < s < 3.
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Notation

R  Real numbers

8’;u or u, , Partial derivative of v in the variable x of order k
B(z,r) means the open ball with center = and radio r.

If ¢ is a vector in R™ then |{> =& + ...+ &2

| Fllzocg = £l = (f [FPdp)7, 1 < p < o0

H$(R™) := H*® Fractional Sobolev spaces of order s real, i.e.,
HY(R") = {f € S'(R") : (1+[¢)3]() € LAR™)}

£l = 1L+ ) F ()l

C([0,T] : X) Continuous functions from [0, T] into X

F(€) == (2n)" % Jgn € f(2)dx Fourier Transform of f

f(z) == (2m)7% [, € f(£)d¢ Inverse Fourier Transform of f
S(R™) Schwartz space on R"

J* = (1 — A)*/? denotes the Bessel potential of order —s

|D|* = (—A)*/? Riesz potential of order —s

H(R™) := J7°LY(R"). When q=2 we will write H* instead of H3
f ey := (1 - llg -

H:(R") == |D|~*LYR"). H* = |D|*L?

f(z) < g(x) when exists a constant C' > 0 such that f(x) < Cg(z)



Introduction.

An intermediate model for the evolution of weakly nonlinear, long water

waves of small amplitude is given by the following equation
Dy — AP + pu(aA’® — bAD,) + (P, AD 42V - VO,) = 0, (1)

where ®(¢,x) is a real valued function, (f,x) € R, x R? R, = [0,00),
a, b, pu, and € are positive real constants and V and A are the two-dimensional
gradient and Laplacian, respectively.

In the equation (1), so-called isotropic Benney-Luke equation (BL), ®
is the velocity potential on the domain. After rescaling the variables, we
can suppose that the constants a and b are positive and such that a — b =
o — % # 0, where « is the Bond number, e (nonlinearity coefficient) is the
amplitude parameter and p = (hy/L)? is the long-wave parameter (dispersion
coefficient), where hy is the equilibrium depth and L is the length scale. This
equation was first derived by Benney and Luke (see [2]) when a = 1/6 and
b = 1/2 with no surface tension (o = 0).

Pego and Quintero [27] showed that the isotropic Benney-Luke (BL) equa-
tion reduces formally to the Kadomtsev-Petviashvili (KP-I or KP-II) equa-
tion after a suitable re-normalization. Indeed, putting 27 = et, X = x — ¢,

Y = ey and ®(t,z,y) = f(r,X,Y), neglecting O(¢) terms we find that

9



n = fx satisfies

1
(777' - (O./ - g)nXXX + 37777)())( + Wy = 0. (2)

We recall that if @ > 1/3 this equation is KP-I, if o < 1/3 it is KP-II
and, if we suppose that f does not depend on the Y variable we obtain the
Korteweg de-Vries (KdV) equation. They also found traveling-wave solutions
of (1), i.e., solutions of the form ®(t,z,y) = ‘/Tﬁv(x;\/g, \/iﬁ) and showed that

if the wave speed c satisfies ¢*> < min(1,a/b) then there exists a nontrivial

finite-energy solution v, where the energy associated to v is given by

1
E(v) = 2 /L, (14 )l +0) 4 (a+ b )2, + (2a+ b )2, + av), Ydady. (3)

Quintero in [30] proved that the solitary waves are orbitally stable if the
wave speed c¢ is near 0 or 1. He also showed in [29] the existence and analyt-

icity of the lump solution for isotropic p-generalized Benney-Luke equation
Dy — AP + p(aA?® — bADy) + (DA, P +2VPD - VO,) =0,  (4)

where VP and A, are given by
Ve = ((0:9)", (0,2)") (5)

A,D =V - (VPD) = 9,(0,8) + 9, (9, D). (6)

From now on we will call the equations (1) and (4) as (BL) and (p-
gBL) equations, respectively . The family of isotropic Benney-Luke equations
includes the effect of surface tension and a variety of equivalent forms of

dispersion. Let us remark that the model (1) does not hold for a = b (o =
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1/3). Paumond in [25], derived an equation that is still valid when we suppose

that « is equal or close to 1/3. More precisely,
Oy — AD + Ve(aA>P — bAD,,) + ¢(BA*®,, — AN D)

+ (P AP 4+ 2VD - VP,) =0, g
where ¢ = p? and the parameters A, B are linked. In [24], it was rigorously
shown that the L?*(R?)-norm of the difference between the amplitude of the
wave given by equation (2) and the one given by isotropic Benney-Luke (BL)

equation is of order O(e**) during a growing with € time. Paumond in [24]

also studied the Cauchy problem

®(0,x) = Bo(x),  Py(0,%x) = Py (x), (8)

{% — AD + 1(aA2® — bAD,) + €(D,AD + 2VD - VD,) = 0
and proved that it is globally well-posedness for initial data in H®(R?) x
H*7Y(R?), s integer and s > 2.

It is known that most water wave models are equipped with a Hamiltonian
structure. Moreover, global results concerning existence and uniqueness of
solutions for the associated Cauchy problems follow by the existence of some
conserved quantities. It is also known that the natural space to consider the
well-posedness of such initial value problems is dictated by the well definition
of either the Hamiltonian or the energy. For the problem (8), the Hamiltonian
and the energy are well defined if ® € H2(R?) N H'(R?) and &, € H'(R?).
Our main purpose is to prove global well-posedness in the energy space. In
this work we also study the local regularity and the well-posedness of the

so-called generalized Benney-Luke equation

g — Aug + A%u — moAu + ag(uAu + 2Vu - Vug) + BV - (|Vu|"Vu) = 0
u(0,%x) = up(x), u(0,%x) = uy(x),

(9)
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where u(t,x) is a real valued function, (t,x) € Ry x R? R, = [0, 00), mg and
m are positive real constants, # and ag constants. The equation (9) with
m = 2 is a model to describe dispersive and weakly nonlinear long water
waves with small amplitude. If we omit the last term on the left side of the
equation (9), one can obtain a rescaled version of the isotropic Benney-Luke
equation (1).

The notion of local well-posedness to be used here is in the sense of Kato,
that is, we will say that an initial value problem (IVP) is locally well-posed
in some functional space X, if for all initial datum ¢ in X, there exists a time
T > 0 and a unique solution u of the integral equation associated to the IVP
(ezistence and uniqueness), such that v € C([0,T]; X) (persistence) and the
flow map data-solution is (at least) continuous from a neighborhood of ¢ in
X into C([0,T); X) (continuous dependence). If T can be taken arbitrarily
large, we say the well-posedness is global.

It is important to remember that the solitary wave solution of the IVP
associated to (BL) equations lies in the energy space and it is orbitally stable
if the wave speed c is near 0 or 1, (see [30]).

We obtain the local well-posedness result for isotropic Benney-Luke equa-
tions using the fixed point argument and the generalized Strichartz inequal-
ities for the wave equation. We showed a similar result for the isotropic
p-generalized Benney-Luke equation (p-gBL) and generalized Benney-Luke
(gBL) equation. We also prove that the lower bound for the Sobolev ex-
ponent can be reduced from 5/2 to 2 in three space dimensions using the
Strichartz estimates and the ideas of Ponce and Sideris [28] for all equations

here considered.
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In our case if we define u such that

with & satisfying the isotropic Benney-Luke equation or the isotropic p-

generalized Benney-Luke equation (p = 1 or with p > 1, respectively), then
the initial value problem associated to isotropic p-generalized Benney-Luke
equation (4) is equivalent to

{(1 — bA) (uy — Au) = (1 — @) Au — F,(dpu, VPu, Voyu)

U(O,X) = UO(X) Ut(O,X) = U1(X), (11)

,u(x) = \/ECIDi(\/ﬁx), i=0,1, x € R? and

_ ¢
b Vi

&u VPu V@tu) —p@tu(ux) um +patu(uy)p—1uyy

/‘\

(12)
+ 20;uy (uy)? + 204w, (uy)P.

We notice that the energy method and Sobolev inequalities yield local
well-posedness results in H*(R") x H*"}(R") with s > n/2 + 1 for the IVP
associated to the following systems of nonlinear wave equations

—ul, + Au' = F(u, Du), (13)
where the vector u = (u!,...,u") depends on the variables t = xg, 1, ...7,
Du = (0yul), a=0,1,...n, I =1,....N.

We also observe that Klainerman and Machedon [17], proved that if the

nonlinear terms F'(u, Du) in (13) have the form
Z I (W) BY 1 (Du’, Du™)
where the Bi 5 are expressions of the form

Qo(¢, V) = =000 + Y _ 01031
=1
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or
Qa,@(@i/}) = 3a¢35¢ - 3ﬁ¢3a¢7 0 S a < ﬁ S n,

called null forms, (see [16]) then the IVP associated to (13) is locally well-
posed in H*(R3) x H*'(R?) for s = 2.

The nonlinear term
(1 — bA) ' F,(Owu, VPu, Vosu)

in the equation of the IVP (11) does not satisfy a “null condition” (see [16],
for a definition) but it is still possible to prove that the IVP (11) is locally
well-posed in H*(R?) x H*"}(R?) for 2 < s < 5/2, in H*(R?) x H*'(R?)
for s = 2 and in H*(R?) N H'(R?) x H'(R?). This is possible using the
Strichartz estimates, the commutators Kato-Ponce type [14] and the ideas of
Ponce-Sideris in [28, inequality (12)].

We will consider the Cauchy problem (11) instead of the initial value
problem associated to (BL) and (p-gBL), notice that F), is the nonlinear
term of isotropic Benney-Luke equation when p = 1.

This work is divided as follows: In the first chapter we give some pre-
liminaries, including linear estimates and Strichartz inequalities, which are
detailed in the appendix.

In the second part we will prove the results of local and global well-
posedness of the isotropic Benney-Luke equation (BL) for initial data in
H?(R?*)x H*(R?) and certain local regularity of solutions, such as Vu(t), u:(t) €
L>* ae. t € (0,7). The main result, in this chapter, is the global well-
posedness in the energy space, H2(R?) N H'(R?) x H'(R?). For the 3-

dimensional case the results are local in H*(R3) x H*~1(R3) for 2 < s < 5/2
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and again some results of local regularity, as above mentioned Vu(t), u,(t) €
L ae. te (0,7).

In the third chapter we will study the initial valued problem associated
to the so called isotropic p-generalized Benney-Luke equation (p-gBL). In
particular we establish global well-posedness in the energy space.

Next, in the chapter 4 we turn out to generalized Benney-Luke equation
(9) and we prove that the associated Cauchy problem is locally well-posed
in H%(R?) x H*"}(R?) for 9/5 < s < 2 including the case of physical interest
(m = 2). We also obtain some regularity results. As a consequence of local
results we can establish global well-posedness in the energy space, H 2(R?) N
H'(R?) x H'(R?) for 8 < 0.

Finally in the chapter 5, we study local well-posedness of the generalized
Benney-Luke equations in the periodic setting. We prove that the IVP asso-
ciated is locally well-posed in H*(TxR)x H*"}(TxR) and H*(T?)x H*!(T?)

for 2 < s < 3.
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Chapter 1

Preliminaries

Notation

The notation to be used is mostly standard. For any ¢ € [1,00], we
denote by ¢ its conjugate exponent, i.e. %+ 5 = 1. Let L7 := LY(R") be
the Lebesgue space, the norm on L9 is denoted by || - ||,. The homogeneous
spaces and the Sobolev spaces H, 2(R") and HJ(R"), respectively, are defined
by (—=A)~*2L4(R") and J~*LI(R") with J := (1—A)Y2. We denote H3(R")
and H3(R") by H® and H®, respectively.

The norms on H;(R”) and H;(R") are denoted by || - |

i and || - || s, res-

pectively. We will use the Sobolev spaces L} H. £(R"™) and L H £(R™) endowed

with the norm

1/r T
el = [ ) ol = ([ Tutol )
R 0

Throughout this work C' 2 0 (independent of the data of the problem)

1/r

will stand for a constant that can change from line to line. For any positive
numbers a and b, a < b means that a < Cb for some constant C' greater than
zero. We also denote a ~ b when a < b and b < a.

To show our results we will use some estimates for solutions of linear
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problem and conmutators estimates as the commutators of Kato-Ponce type

[14].

1.1 Linear Estimates

The linear problem associated to (11) is

{utt—Au—i—aAQu—bAutt =0 (1.1)
U(O’ 93) = f($)7 ut(ov‘r> = g(!l?) '
C(1+ale\"?
e 6) = (i)
(W(£)9)(€) = (1€[h(€)) " sin (|€[R(€)1) §(€)
and
(W (0)£)(€) = cos (Ie[h(©)0) 7).
Then a solution of
{utt — Au + aA?u — bAuy = G(u) (1.2)
U(O, ) = f<)7 ut<07 ) = g()
when a # b and f, g are smooth is given by
u(t) = W(t)f + W(t)g+ /0 Wt —t")G(u)(t')dt'. (1.3)
If a = b and f, g are smooth the solution of (1.2) is
u(t) = K(t)f +K(t)g + /t K(t —t")(1 —bA) " G(u)(t)dt, (1.4)

where {K(t)}; is the classical wave semi-group,

(K(1)9)(€) = || sin(|€[6)g(€)

17



with

(K(6)£)(€) = cos([€]t)f(£),

and (1 — bA)"'G(u) is defined via the Fourier transform as

(1= bA) ' G(w)(€) = (1 +bEP) " Glu)(€).

It is clear that W (t) is bounded in L*(R™), for all a,b > 0, since

W ()glls = (W (6)g)()ll>
<1 1R sin (|- (A o192
and ||h[|o < max{1,+/a/b}.

Then
W ()gll2 < [t gllo-

Moreover, for all s > 0
W (t)g]

W (t)f|

i < max{1, \/a/b}|g|

s < |If

Hsfl

Hs-

Remark 1.1.1. If we write equation (11) when p =1 as

(1 —bc2A) (uy — Au) = ¢ 2(1 — ) Au — ¢ 2 (wsAu + 2V - V)

{u(O,x) =up(x), u(0,x) = ui(x),

(1.5)

(1.6)

(1.8)

we will see that it is sufficient to have the estimates (1.6) and (1.7) for K(t).

1.2 Strichartz Estimates for K(¢) and K(t)

The Strichartz estimates constitute the main tool used to demostrate

local regularity and establish well posedness in the energy space.

18



We are interested in the Cauchy problem for the wave equation

{utt—Au:f

(1.9)

U(O,X) = u0<X)7 ut(O,x) = ul(x)>
and we denote the operators w = (—A)Y2, and U(t) = exp(iwt), K(t) =
(w)'sinwt and K(t) = coswt. The Cauchy problem (1.9) is solved by

u = v 4+ w where v is the solution of the homogeneous equation with the

same data

fr- 00 o

v(0,x) = up(x), v:(0,%x) = uy(x),
therefore

o(t) = K(t)uo + K(t)u, (1.11)

vy (t) = K(t) Aug + K(t)uy, (1.12)

and w is the solution for the inhomogeneous equation with zero data,

{wtt_Aw:f

w(0,x) =0, wy(0,x) = 0. (1.13)

Let L(t) be any of the operators w U (t), w*K(t) or w*K(t) with A € R and x
be the characteristic function of R in time. We define Lg(t) = x4 (t)L(t) and
La(t) = x—(t)L(t) where R and A stand for retarded and advanced. Then

the Cauchy problem (1.13) is solved por positive time by

wlt) = [ K@ =500 = esexs 00 (1.14)
w(t) = / K(t — ) f(t)dt = (Kp 0 x F)(0). (1.15)

Similar formulas with advanced operators solve the Cauchy problem (1.13)

for negative times. We restrict our attention from now on to positive times.
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The initial data (ug,u;) for the the problem (1.9) will be taken in the
space

YH = HMR™) x H*H(R"™) (1.16)
with n > 2 and p € R.

Proposition 1.2.1. If n > 2,2 <ry,ry <00, 2 < q1,q2 < 00, p1,p2, b € R

ogggmin{1,<n—1)<1—l)} i—1,2, (1.17)

satisfy

(TE (n—1) (% _ ql» £1) i=1,2 (1.18)
p1+n(%—q—11)—r—11_/ﬁ (1.19)

1 1 1 1 1 1
) =1 S [— 1.20
p1+n<2 q1> " <P2+n<2 q2) 7‘2)’ ( )

then the generalized Strichartz estimates for K(t) and K(t) are given by:
1. Let (up,uy) € Y* (see (1.16)). Then v define by (1.11) satisfies the

estimates
[0ll sz + N0l s a1 < C (luoll g + [l 1) (1.21)

2. For any interval I = [0,T), 0 < T < oo, the function w defined by

(1.14) satisfies the estimates

[wll 7 s + 10c0ll g1 < C ] (1.22)

Th rr—pg "
L7H,
92

Proof. See [10] and the appendix. [
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1.3 Nonlinear Estimates

Proposition 1.3.1. If f,g € 8(R"), s € Z™, then ezists C = C,, s > 0 such

that
> 0 Aglla =" 102(fg) — gl
lo=e lol=a (1.23)
<C(IVflle > 10%gll2+ llglle > 192 F2).
|B]=s—1 |B|=s

Proof. It follows by the Leibniz rule and the Gagliardo-Nirenberg In-
equality. [J
Proposition 1.3.2. [ Commutators of Kato-Ponce type | If f,g €

S8(R™), s > 1, then there exists C = C,, s > 0 such that
117%5 flgllz < CUV Fllooll T gll2 + llglloc I T £1]2). (1.24)
Proof. See [14]. O

9 3 2
Lemma 1.3.3. If f € §(R?),2 < g < 00, 0 = §+4— and0 < sg = 1—= < 1,
q q

then

1o < € (1o + 11122 - (1:25)

Proof. By Sobolev’s inequality we have

Il <CII(L =AY £
<Clfllg + Cl=2)"* £l (1.26)

<C|[(=A)* f[l2 + C(=2)"" £l
since our assumptions imply that 1/¢ < o — 1 we have the result. [J

2

9 3
Lemma 1.3.4. If f,g € 8(R?),2<qg<o00,s0=1—- ando = 3 then
q

+_
4q
1A, flgllz < CLUIV Fllgso + 1(=2)7 Fllg gl g

+C{llgl o0 + I1(=2)""gllg} 1 fll -

21



Proof. By Proposition 1.3.1 with s = 2, we have

1A flglls < CUV flloollglliz + gllooll £ 2) - (1.28)

An application of Lemma 1.3.3 yields the result. [J

Lemma 1.3.5. If f,g € §(R?). Fiz 7/4 < s <2 and let 2= < q < oo and

aza(s):§+%+% and0<30:1—§<1, then

£ 1oy < O]

H50(R2) + ||f||H§<’*2(R2))-
Proof. By the Sobolev inequality we have
1flloe < 1L —A)Ye* £,
< 1 fllg + =22 £l (1.29)
<N(=2P flle 4+ 1(=2)7" flg:

Since our assumptions imply that 1/¢ < ¢ — 1 we have the result. [

Lemma 1.3.6. If f,g € 8(R?) and 2 < s <5/2, let 1/(s —2) < q < 0o and

1
a:a(s)zg—l—athen

g1l 2o sy < C <||9| Ho=1(m3) + ||g||Hg"*2(R3)> 7

(1.30)
IVl < € (11f]

ey + 1 iz a)) -
Proof. The proof is essentially that given in Lemma 1.3.3, see [28, in-

equality (12)]. O

Lemma 1.3.7. If f,g € 8(R?) and 2 < s <5/2, let 1/(s —2) < q < 0o and

1
og=o(s) zg—l—a, then

1A, flgllr2@s) < C{IIf]

+C{lg]

wo (@) + 1 (=2)772 f || o) Hlg | g oy
(1.31)

Hs—1(R3) T+ H(_A)ailg”Lq(R:‘)}Hf”HQ(lR?’)'
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Proof. By Proposition 1.3.1 with s = 2, we have

1A flglls < C UV Flloollgll i + gllooll f12) - (1.32)

An application of Lemma 1.3.6 yields the result. [J

Lemma 1.3.8. For 0 < s < 1 we have

[l gross S Nl wll 3o (1.33)
. . . . 1 1
Proof. It follow by Hélder’s inequality with p = — and ¢ = 1 , (see
s —s
3]). O
5 9 3 2
Lemma 1.3.9. Ifw € §(R*),2< ¢ < 00,0 = §+4_ and 0 < so = 1—5 <1,
q
then
Ve eqey S el 0l gy + Neolgaeseny (139)

Proof. It follow by Lemma 1.3.3 and the interpolation result (1.33). O
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Chapter 2

Local and global well-posedness
of isotropic Benney-Luke
equation and local regularity of
solutions

In this chapter we will study the well-posedness of the IVP associated to

isotropic Benney-Luke equation in the following equivalent form

(1= bA) (ugy — AAAu) = (1 — ) Au — F(uy, Vu, Vuy) 2.1)

u(0, %) = to(x) (0, %) = s (x) |
where

= (7 77
O(t,x) = Y—u|—,—x|,
a .

F(ug, Vu, Vug) = ugAu + 2V, - Vu, ¢ = 3 u;i(x) = ﬁ@i(\/ﬁx), 1=0,1
and x € R2.

2.1 Main results

We show that the local solution of the IVP (2.1) possesses certain local

regularity, like for example V®(t), ®,(t) € L*(R?) a.e. in ¢t € (0,T).
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The next result recovers the one obtained by Paumond in [24], but by

using the Strichartz inequalities for the wave equation.

Theorem 2.1.1 (Local well-posedness and local regularity). Assume that
ug € H*(R?) and u; € H'(R?). Then there exists T = T(||uol| w2, |1l 1) >

0 such that (2.1) has a unique solution u satisfying
ue C0,T; H*(R%), w € C(0,T;H'(R?).

And u has the following local regularity

</OT [(—A)72u(t, ')HZdt) 1 . (/OT T ‘)Hth) 1r .

T
|1V w) @) e < .
0

4q 9 3
— = - T — d2<q< .
q—Q’U 8—}—4qcm q < o0

Moreover, for all 0 < T" < T there ezists a neighborhood V' of (ug,u;) €

with r =

H?(R?) x H'(R?) such that the map data solution

V. — C0,T;H*RY))N L0, T'; HX*(R?))

(to, 1) — u(t)
15 Lipschitz.
The main result for the (BL) equation is in H'(R?) N H?(R?) x H'(R?).

Theorem 2.1.2 (Local well-posedness in the energy space). Assume that
uy € HY(R?) N H*(R?) and uy € HY(R?). Then there exists T > 0, T =
T([luoll g1 2y luoll grzrey vl mri(re))s such that (2.1) has a unique solution u
satisfying

we C(0,T; H*(R*) n HY(R*) N L"(0, T; HX ' (R?)),
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up € C(0,T; H'(R?) N L (0, T; Hy”*(R?)),

Vu,u, € C(0,T; H(R?) N L*(0, T; L=(R?)), (2.2)

4q 9 3
— = -1 — d2<q< .
q—Q’U 8+4q an q < oo

Moreover, for all 0 < T'" < T there exists a neighborhood V' of (ug,u;) €

with r =

H'(R?) N H2(R?) x H'(R?) such that the map data solution

V. — C0,T; H*(R*) N HYR?) N L"(0,T"; HX~(R?))
(0, U1) — u(t)

18 Lipschitz.

Remark 2.1.3. [t is important to observe that the flow of (2.1) preserves

the Hamiltonian
H(u)(t) =[|0cu(t)|I2 + 1o blldpu(t) 5
(2.3)
+ a3 + 1 allu)|F = H(u)(0).
See [24] for the proof of (2.5).

Using the previous remark, it is possible to establish an a prior: estimate

to prove the following global result for (BL) in the energy space.

Corollary 2.1.4 (Global well-posedness). For any T > 0, uo € H'(R?) N

H?(R?) and uy € H'(R?) there exists a unique solution u of (2.1) such that
Vu € C(0,T; H'(R?)), du € C(0,T; H'(R?)).
And the solution u has local reqularity
we L'(0,T; HX 1 (R?)),

w € L"(0,T; HX(R?)),

4q
q—2

9 3
with r = 0:§+—and2<q<oo.

4q

26



We also consider the well-posedness for the Cauchy problem of the isotropic
Benney-Luke equation (2.1) in three spatial dimensions. In this case we have

the following.

Theorem 2.1.5 (Local well-posedness and local regularity). Assume that
(ug,uy) € H*(R3) x HYR?) and 2 < s < 5/2. Then there exists T > 0

such that the Cauchy problem:

{(1 — b2 A) (ug — Au) = ¢ 2(1 — A)Au — 2 (usAu + 2Vu - V) ,
u(0,x) = up(x), w(0,x) = uy(x),
(2.4)

has a unique solution u satisfying

ue C0,T; H (R*), 0due C0,T; H (R?)),

([ o) <o (f s o)<
(2.5)
and

1/r

/0 (V) ()|t < o0 (2.6)

2 1
wz’thr:qqu,azg—i—aand(s—Z)_1<q<oo.

Where u is such that

B(tx) = \/—ﬁu%%ﬁ ),

with ® satisfying the isotropic Benney-Luke equation (1), ¢* = a/b, (t,x) €
R, xR3 R, =[0,00), a and b are positive real constants and V and A are

the three-dimensional gradient and Laplacian, respectively.
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2.2 Proof of Theorem 2.1.1

We will use the fixed point theorem and the Strichartz estimates. We

begin by rewritten the equation of the IVP (2.1) in the equivalent form
(1 —bc2A) (uy — Au) = ¢ 2(1 — ) Au — ¢ 2[A, uluy, (2.7)

where [A, u]u; == A(uuy) — uluy.

We will use the next notation G(u) = G(u) + G2(u) where
Gi(u) = ¢ 2(1 — A)A — be2A) tu (2.8)

and

Go(u) = —c2(1 — bc2A) A, uluy. (2.9)

Then we can write the solution of the IVP associated to (2.7) as
. t
u(t) = K(t)ug + K(t)us + / K(t —t")G(u)(t')dt'. (2.10)
0

We prove the local well-posedness for the IVP associated to (2.7) in
H?(R?) x H'(R?). To do so, we will use a fixed point argument as above
mentioned.

For M, T > 0 and 2 < g < oo, define the complete metric space

X7t ={ue C([0,T]; H*(R?)) : |[ull] < M}

where
ulll = llull gz + Nuell g + Null oy 2o 4 llwell 1y prze-2, (2.11)
ith d + 5
ith r = and 0 = — + —.
v g—2 7Ty
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We shall prove that for an appropriate choice of T and M the operator
. t
F(u)(t) = K(t)up + K(t)u; + / K(t —t)G(u)(t")dt (2.12)
0

is a contraction on X2,
We estimate ||F(u)| g2 and ||0,F(u)|| g using the linear estimate (1.6), as

follows,

IF () @) 2 +H0F (w) ()] 1 S Mlwollzz + (1 + ) [ual|

+/a—mw mﬁ+/H

) @)t >

l\J‘H

Note that
1(=2)D2Gs (w) (1) |2 < 1A, ulug()]2 (2.14)

if1<s<3 n>1.

Using (2.14), Lemma 1.3.4 and Holder’s inequality we have

t
= [ (= OG0 |2
0 . 1
<0 [ =l (fulls + =27 2ul,) ae
t
+C/ t—t 0 (|1 — |+ L+ [[(—=A)T dt’
= Ol (=1l VAl

S22 Jull oo e |uel oo + 11 = & T? |l oo pr2

t t
~+\h%HL$Hq§[:<t—-ﬂ>rdﬂ>~< oyl ey
t t
+num$H4/"@—¢0rﬁvﬁg/|K—AV‘%mmdfﬂ”.
0 0

Then

LS =3 T Jullpgere + T2 ull g pz | oo+
(2.16)
T el e Nl o gz + Nl g e Muell oy 2o},
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1 7
where =1+ — > —.
r 4

Again using (2.14), Lemma 1.3.4, (1.33) and Hélder’s inequality we have

1f=AHFAﬁﬂwwwmf

ST lull oo lluellger + TN = | [lull o o

(2.17)
+ Tl Nl 2 2
+ TP el Null g grzes + Null e o el g o2
Then using (2.13), (2.16) and (2.17) it follows that
[F(w) )|z + 10:F (w)l Lge mr <Clluollmz + C(1+ T)|ua || 11 218

+C (11 =T+ P(D)|[[ull]) [[ful]
where P(T) = TP + T? + TP + T.
Now we want to estimate the mixed norms. First, we recall that

3—|—1 4 2<qg<
—+ = r=— o0
4q 8 q—2 1

oc—1=
andn =2 Ifry=r g =¢q, 19 =00, @ =2, pp =20 — 1, p = 2 and
—py = 1 then 7y, q;, p; and p, i = 1,2, satisfy (1.17), (1.18), (1.19) and
(1.20) and using the Strichartz estimates (1.21) and (1.22) we have

Iy = (u)ll g g+ 10F (W) o>

T i ) ) (2.19)
< O | Nuoll g2 + lluall g + i [(=A)>G(u)(t)]2dt" ) -
Using the same estimates obtained for I; we have

I3 S ol gz + (1 + T)|Juq || g2 (2.20)
+T11 = AfJull oo gy + P[]l (2.21)

Putting together the estimates (2.18) and (2.20) it follows that

F)| < C(fluollaz + (1 + T)lJua]| 1)

(2.22)

+C (11 =T +T%) + PDO)lfulll) [[ulll-
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Let § = ||uol|m2 + ||u1||gr, M =2C(1 4 T)é and T such that
CN—(T+TH+C(T*+ TP+ T+ T HYM < 1/2 (2.23)

then we have that F(X2) c XM,

Noticing that

[|[F(w) — F(a)]]] 5/ (T = )G (u)(t') = G(a)(t)]|dt
0 (2.24)

[ I=a) 2 G - G ) e

and using the fact that
Go(u) — Gy(t) = —c2(1—bc2A) " H[A, (u— )] Ou+ [A, @] (u— 1)) (2.25)
it follows from Lemma 1.3.4 that if u, @ € X1, then
IF(w) ~ F@NI| S (T + T2 = ¢ + (T + T )M [l —ll].  (226)
Thus, there exists a unique fixed point of IF which is a solution of the integral
equation (2.12) if (T + 7)1 — | + (T + TV YM < 1. O

2.3 Proof of Theorem 2.1.2

Fix ¢, 2 < ¢ < oo. Let ug € H'(R?) N H*(R?),u; € H'(R?) and
F(ug,un) (w) () = F(u)(t) = K(t)uo + K(t)u; + /Ot K(t—t")G(u)(t)dt'. (2.27)
We define the complete metric space
Yp! = {u € C([0,T); H*(R*) 0 H'(R?) : [[Jullly < M}

with

wllly = llullpge gz + lull g prr + el Lge e

w ([ iy " ([ n=arutige) oo
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. 4q 9 N 3
= —\ 0 = — —_

q—2’ 8 4q

We shall prove that for an appropriate choice of T" and M the operator
given by (2.27) is a contraction on Y.

Letri=7r, g =q, 1o =00, o =2, py=20—1, p =2 and —py = 1,
then r;, ¢;, p; and p, i = 1,2, satisfy (1.17), (1.18), (1.19), (1.20). Now,
using the linear estimate (1.6), the Strichartz estimates (1.21) and (1.22)

with r;, ¢;, p; and pu, 1 = 1,2 we get

HE )y Slluoll iz + lluoll g

T B ) / (2.29)
+ (L+ T)Jwa || +/0 [(=A)2G(u) ()| 2dt’,
From (2.17) we have
Il <C (luoll g + lluoll g2 + (1 +T)Jun]] 1)
(2.30)

+C (L= + T+ D)lfullly) [[ullly

1
Whereﬂ—1+—>£.

,r.l

Let 6 = |Jug|| g2 + [Juol| g1 + [|ur]|gr, M =2C(1 + T)6 and T such that
Cll—AT+C(T+T M <1/2 (2.31)

then we have that F(Y) C Y.

Since
[ (u) = F(@)[ly S /0 I(=2)"2(G()(t') = G@)(t) [lodt’.  (2:32)
Using (2.25) and Lemma 1.3.4 we get

[[F(u) =F@)lly < C (1 =T + (T +T)M) |llu —allly  (2.33)
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whenever u, @ € Y.

Then, there exists a unique fixed point of [ if

C1 - AT +(TP '+ T)M) < 1.

Therefore, the existence and uniqueness of the solution of the problem (2.1)
have been proved in the metric space Y/, The uniqueness of the solution in

the space H'(R?) N H2(R?) x H'(R?) is obtained by standard arguments.

Using similar arguments to the those applied in the continuous depen-
dence proof in Theorem 2.1.1 one can show that the map data solution is

locally Lipschitz. [J

2.4 Proof of Corollary 2.1.4

Now we will show that the local solution obtained in Theorem 2.1.2 can
be extended to [0, 7], for any T > 0, time interval. It suffices to prove the ex-

istence of a uniform bound for |[u(t)|[%,, [[u(t)[|%,, |0:u(t)|53 and [|0u(t)

152
This allows us to establish an a priori estimate and then make use of the
local theory to extend the solution. To do so we use the following conserved

quantity

H(u)(t) = 0au(t)3 + p bll0su(t) 50 + a5 + 1 allu®)]l

= H(u)(0),

(2.34)

satisfied by the flow of (11) for p > 1 integer (see [29]).
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2.5 Proof of Theorem 2.1.5
(3-dimensional case)

Fix 5,2 < s <5/2 and take ¢ € (1/(s — 2),00). For T, M > 0 define the

complete metric space

X7t ={u e C0,T; H*(R)) « [[[ull] < M}

where
|||l [] :||U||L%°HS(R3) + ||Ut||L;°HS*1(R3)
(2.35)
+ HUHLTTHg”—l(RS) + HutHLTTHg"_2(R3)7
2 1
with r = q,azf—i——.
q—2 2 q
Let the operator
. t
F(u)(t) = K(t)up + K(t)us + / K(t —t)G(u)(t)dt'. (2.36)
0

It is possible to prove that F is a contraction in X using the similar
arguments as in the proof Theorem 2.1.1.

Using the Strichartz estimates (1.21) and (1.22) with r; =7, ¢1 = ¢, ro =
00, o =2, pp =20 —1, p=s and —p; = s — 1 and the linear estimate we

get

[ ()[I] < lluol

#e@s) + (14 T)]|uo|

Hs—l(R3)

+/0 (T = )G () ()] 2y dt’ (2.37)

1

+/0 1(=A)= G () (t') || 2t

For (2.14), Lemma 1.3.7 and Hélder’s inequality we have
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T
/ (T = )| G () sy dt S 11— T e s o)
0

+ T2 HUHL%OHS(Rs)HutHL%OHS—l(RS)

(2.38)
+ T’gHUt“L%HS*l(R?*) [ull £ gr2o—1 gy
+ TﬁHUHL;OHs(W) HUtHUTHQ%*Q(Rs),
and
Ot I(=2)7 G@)(#) ladt’ ST [[ull e proqes el s
+ TI1 = | [|ull g e
+ Tl e ol e (2:39)
T [ [y 1 [
+ Tﬁ_lﬂuﬂL%ng el 1y gr2o—>-
mm5:1+%>L
Putting together the estimates (2.38) and (2.39) it follows that
IE)II] < C (lluollas + (1 +T)url[ms—)
+ C1 = (T + T)|||ul|] (2.40)
+C(T° + T+ T + 1) |ul|]*.
Let 6 = ||uo||gs + |Jua||mgs—1, M =2C(1 +T)d and T such that
Cl—E(T+TH+C(T*+T°+T+THM < 1)2. (2.41)

Then we have that F(XM) c XM,

Using that
[|[F () — F (@) 5/0 (T = NG (w) (') = G(@)(t)|| L2s)dt’

T / 1= A)E D72 (Glu)(F) — G(@)(E)) || z2qe e
(2.42)
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It follows from (2.25), Lemma 1.3.7 that if u,u € X} then
IIF(w) =F@|l| S (T+T*)1 =+ (T +TV)M) [[Ju—alll. (243)

Thus, F is a contraction in X2 under the restriction in (2.41) for M
and T'. Therefore, exists a unique solution of (2.4) in X3! but for standards

arguments we have the uniqueness of solution in the space H*(R3)x H*~1(IR3).

O
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Chapter 3

Isotropic p-generalized
Benney-Luke equation:
well-posedness results and local
regularity

3.1 Introduction and statements of the re-
sults

The isotropic p-generalized Benney-Luke equations is giving by
Dy — AD + 11(aA’P — bADy) + (DA, P + 2VPD - V) = 0, (3.1)
where VP and A, are
VPO = ((0,9)?, (0,2)P) (3.2)
A =V - (VPD) =0,(0,P)" + 0,(0,P)". (3.3)

In this chapter we study the local regularity of the isotropic p-generalized

Benney-Luke and the local well-posedness in the energy space, H 2(R?) N
H'(R?) x H'(R?). The main result is the global well-posedness in this space.
We remind that, the natural space for the solitary wave of IVP associated to

(p-gBL) equations is the energy space.
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We prove the local well-posedness for isotropic p-generalized Benney-Luke
equations using a fixed point argument and the generalized Strichartz in-
equalities for the wave equation.

We define u such that
ot x) = Y (i, ix) , (3.4)
v\ Vi i

with @ satisfying the isotropic p-generalized Benney-Luke equation, p € Z*

and p > 1, then the associated initial value problem (3.1) is equivalent to

(1 —bA)(uy — AAu) = (1 — ) Au — F,(uy, VPu, V) (3.5)
w(0,x) = up(x) u(0,x) = uy(x), ‘
wherecQZE,uiX:%q)i x),1=0,1, x € R? and
;o = Lo (yix)
F,(ug, VPu, Vu,) = Py (U )P Mgy + putu(uy)pfluyy 56
3.6

+ 204, (uy)? + 20puy (uy)?,
(notice that F), is the nonlinear term of isotropic Benney-Luke equation when

p = 1). The nonlinear term
(1 — bA) ' Fy(ug, VPu, V)

does not satisfy a “null condition” but it is possible to prove that the Sobolev
exponent s = 2 can be achieved in two dimensions.

Using the Strichartz estimates we prove that the (p-gBL) equation is
locally and globally well-posed in the energy space and we establish local

regularity results.

Theorem 3.1.1. Assume that p > 2 integer and uy € H'(R?) N H?(R?),

up € H'(R?). Then there exist T = T(||uol| g1 (ge), 1U0ll gr2meys 1wl m2)) >0
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and a unique solution u of (3.5) such that
we C(0,T; H*(R*) n HY(R?)) N L™(0, T; H(R?)),

u € C(0,T; H(R?) N L™(0,T; H**(R?)).

In addition u has the following local reqularity

1/r

</OT (=AY 2u(t, )5 dt) o,

1/r

(/ I(=2) e, )l dt) “

4 9 3
q_(12,0:§+4—q and 2 < q < q(p), where

with r =

q(p) =14 2p | (3.7)

Moreover, for all 0 < T < T there exists a neighborhood V' of (ug,u;) €

HY(R?) N H%(R?) x H'(R?) such that the map data solution

V. — C(0,T;H*(R*) N HY(R?) N L(0,T'; H>~'(R?))
(0, 01) — u(t)

18 Lipschitz.

Remark 3.1.2. The p-generalized Benney-Luke equations (3.1) have a con-

served quantity as the Benney-Luke equation, i.e.,
H(®)(t) = [[@e(t)3 + 1 0P ()50 + 12015 + 1 al ()]
= H(P)(0).
Proof. See [29].
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Corollary 3.1.3. Let p > 2 integer and T > 0. Then for all the functions
g, uy such that ug € H'(R?) N H2(R?), uy € HY(R?), there exists a unique

solution u of (3.5) such that
Vu € C(0,T; H'(R?)), u, € C(0,T, H(R?)),

and

T
[ 1w it < o
0

3.2 Proof of Theorem 3.1.1

The tools we will use to show this are: Fixed point theorem, generalized
Stricharzt estimates for the wave equation and Lemma 1.3.3.
Using the scale change x = ¢x and denoting the new function with the

same variable we have the following equivalent equation for (p-gBL)
Ut — Au = BilG<U> (39)

with
G(u) = Go(u) + Gp(u)

Go(u) = (1 — ) ?Au = moAu

(3.10)
Gy(u) = —c PV E (uy, VPu, V) = kyFy(uy, VPu, Vi)
bQ
B¢ = (1-miA)p, m;= o

Fix p > 2 integer, 2 < ¢ < q(p), where ¢(p) is giving by (3.7) and let
4 9 3

—q2, o= 3 + o and for T, M > 0 define the complete metric space

q— q

r =

X' ={u € C(0,T); H'(R*) N H*(R?)) : [[[ull|x < M},

40



where

wlllx =llull pee o + llull pge o+ [luel| L e
(3.11)
+ llull oy grze—r + el oy zo-2,

and let
F(u) = K(t)uo + K(t)u, + /t K(t—t)B'G(u)(t) dt (3.12)

where G and B are giving by (3.10).
Using the linear estimates for K (t) and K (t) we have
[F () (O] g1+ IF @) (@) g2 + 1OF (w) (@) ]| 110

t
S luollg + lluoll g2 + (1 + ) [luall +/ (=) B~ G(u)(t)]|2 dt’
0
(3.13)

and the Strichartz estimates imply

IE ()l gzt + 1OF ()| g yzo-2 S Mluoll g2 + [l

T . o (3.14)
T / 1(=A)E BGu) ()]s dt
then
E@x < (1 +T)(loll g + ol o+l L)
T U (3.15)
+ / I(=A)EBG(w)(t)]2 dt
Remark 3.2.1.

[(=2)2 B G(u)()]|2 = [1(=A)2 B (malu + ky Fy (s, VP, Vur)(#)) ]

S Amalllul®) g + K[l Ep(ur, VPu, V) (#)) |2

Y

This remark and (3.15) imply that

HE)x < 0+ T)(Juoll g + lluoll g + luallzr)

T , (3.16)
+ Tl + Vol | 1B .
0
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We have from (3.6)

T T
L= / |Fy(u) 2 dt’ <p / ete ) o | V) 125 ) o

T
2 [ IVt )l

from Lemma 1.3.3

T
L 5p [ ()l + e e}
0

p
[NV o + N s )
T
ey (TG

p
o+ (@) zo ) '
Therefore

T p—1
L 5ol ol [ () g + u®) o)
0

T
2 [ ()
0

T
olulize | @ llgges (lutt)
0

/ p /
ot + @)l )t

p
o+ [[ult) |z

Hence

Ly SpT el e proo 0l e s ] gy

T
ll / a5 d

+ plluel e grso
T
il el | g2
T
bl [ IOl
T
2Tl 01 s + 2l / ut)[es d
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dt'.
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Using the Holder inequality we have

L7 HQU 1

T
| ol ae <70
0

T
| la®lges < T
0

r 1720—2
LpHg" ™™

T (3.19)

[ OOl 0 < Tl el e
T

Wl st < T

From (3.16), (3.18) and (3.19) we have

[[F(w)|[[x <+ T)(([uoll o + lluoll gz + lluwal[rr)
(3.20)
+ CT|ma| M + Clk,| P(T) MP*+!

with P(T) = T 4 T"?/" 4 7 +0=p)/r  T1=1/7,

Let 6 = ||uol| g1 + ||woll gz + Jua||gr, M =2C(1 4 T')6 and T such that
Clmo|T + C|ky|P(T)MP? < 1/2 (3.21)

then we have that F(XM) c XM,

We can choose T and M such that F will be a contraction because
F(u)(t) — F(a)(t) :/0 K(t —t)B™H(G(u) — G(a))(t') dt',
from (3.13) and (3.14)
[F(u) — F(@)|]|x < C/O I(—=A)2 B™(G(u) — G(@)(t') 2 dt"

By the inequality in the Remark 3.2.1

|[F(w) = F(a)|l|x <CTlmalllu—all oo

+mm/’ Fy(@) (¢l dt"



To estimate the last term we notice that
[VPu — VPl S|V(u = @)oo X
= p—1—k ~\k = p—1—k ~\k (322)
{1 (0au) (020)*[loc + 11 > (yu) (9y0)" [0 }
k=0 k=0

and
A — Ayl
S pll(@eu)™ — (D) ol OZulls + pllal 2 62w — @)1l
T pl@u) " = (@@ e O2ulla + plIOy I 102w — @)
<oV = Dl S OOl (3.23)
k=0

p—2

+ PV (= @)ool D (0,028, 8)" oo ull 2

k=0
+pl|Vall5s lu — all 2

FP(U) — Fp(ﬁ) =2 V<U — ’lj)t - VPu + ('LL — &)tApu
+ 2 Vfbt : (Vpu - Vpﬁ) + ﬂt(APU - ApiD

and using the definitions of VPu and A,u (see (5) and (6)) we have
T T
| I = B @lade < [ 197l 0 = il
0

T
+p / 1w = @)elloo IV ul B lull 2 dt
0 (3.24)

T
i / IVPu = VPl oo || g1 i’
0

T
T / liiellooll Ayt — Ayl d.
0

Remark 3.2.2. We recall that, by Lemma 1.3.3 and the interpolation result
(1.33) we have

1—so

IVwlloo S llwllgreoer + wllgze-1 S Jwll ™l + lwl gz
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and that
T ! !
/0 |\Vw(t’,~)||oodt’ < T||w]|L%oHSO+1+T1/T ||wHLTTH204 < (T—i—Tl/r M wl]|x-

To simplify the proof we only consider in the last terms right hand side
in (3.24) the most difficult ones. Using the Remark 3.2.2, (3.22) and (3.23)

we just need to estimate the following two expressions:

T
| = =l (3.25)
and
g 1-k
| = sl (3.26)
0

Using Holder’s inequality we have

T
/O el gl = il 2o [l o =5 Nl o

_ Ak~ -
S TPl a5 e — all|x

(3.27)

and

T
]| gl — ]

ol bl s

S—

T
N ~i1—s s kg ~ 3.28
S Naellpomllu = b0 = 2 | Nl a2
S TP B @S e — ]
A similar argument applied to the remainder terms on the right hand side
of (3.24) implies
[ (u) — F(a)|l[x
(3.29)
S (Tlmo| + k| (T + TP/ - RO L TV MP) || fu — |
Hence by standard arguments we can guarantee the existence and unique-

ness of a solution of the Cauchy problem (3.5). O
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Proof of the Corollary 3.1.3

The result follows from the local theory (Theorem 3.1.1) and a priori
estimate of [|u(t)| 1 (ge), [[0(t)]l2(rey and [Jue(t)[| g (r2) (the Remark 3.1.2).
0
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Chapter 4

Local well-posedness of the
generalized Benney-Luke
equations

4.1 Introduction and notations

In this chapter we will study the IVP associated to an equivalent version

of generalized Benney-Luke equation (9)

Dy — AD + (aA2D — bAD,) 4 (D AD + 2V - VI,) + (VD) =0 (4.1)

where f(V®) = gV - (|[VO|"VD), &(t,x) is a real valued function, (t,x) €
R, xR? R, = [0,00), a, b, t, m, and € are positive real constants, 3 constant.
The equation (4.1) with m = 2 is a model to describe dispersive and weakly
nonlinear long water waves with small amplitude. If we omit the last term
on the left hand side of equation (4.1), it becomes the isotropic Benney-Luke
equation (1).

Wang, Xu and Chen in [5] studied the Cauchy problem associated to an

n-dimensional generalized Benney-Luke equation (4.1 ) where n = 1,2, 3,4.
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They proved the existence and the uniqueness of the global solution in
H?*(R™) x HY(R") for the 3 < 0 case using energy conservation law and
the nonexistence of the global solutions of the Cauchy problem for the 5 > 0

case.

4.2 Statements of the results

The first result provides local well-possedness of the [IVP associated to the
equation (4.1) in H*(R?) x H*"}(R?) for 2 < s < 2 and the local regularity

results.

Theorem 4.2.1. Let % <s<2andm = {1,2,3,4}, ¢ = 0. Assume that
Py € H(R?), &, € H*(R?). Then there exist T > 0 depending on s and
[P0

s 2y + || P1]

ms-1(r2) such that (4.1) has a unique solution ® satisfying
P(0,x) = Po(x), ®:(0,x) = Py(x),

® € () C([0,T); H(R?))

J=0

and
1/r

([ n=areap,a) - <o

2 2 — s, 1, 3 — 4q
foranyq€(4s_7,2_s),a—2+8+4q, and r = .

q
In addition, the solution map from the initial data to the solution space

15 locally Lipschitz.

The main result of local well-posedness for the generalized Benney-Luke

equation is in the energy space, H'(R?) N H*(R?) x H'(R?) is as follows:
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Theorem 4.2.2. Let m be a positive integer and assume that g € Hl(RQ) N
H?(R?) and &, € H'(R?). Then there exists T = T(|| ol 1, || Poll 2, [|P1 | 221,
T > 0, such that (4.1) has a unique solution ® satisfying ®(0,x) = Py(x),
D,4(0,x) = Py (x),

® € C(0,T; H*(R*) N H'(R*) N L7(0, T; H(R?)),

o, € C(0,T; H'(R*) N L'(0,T; Hy*(R?)),

4 9 3
withr:(]_—q2,02§+4—q and 2 < q < qg(m),
oo, m=1,2,3,4,
= 4.2
am)=§ 2m (4.2
m — 4
We also have
Ve, ®, € C(0,T; H'(R?)) N L*(0,T; L™ (R?)). (4.3)

Moreover, for all 0 < T" < T there ezists a neighborhood V' of (®y, 1) €
H'(R?) N H%(R?) x H'(R?) such that the map data solution

V. = 0, T HA(R?) N HY(R?) N L"(0,T"; HZ~1(R?))
(Bo, ®1) — (1)

s Lipschitz.

Proposition 4.2.3. Suposse that ®, € H'(R?) N H*(R?), &, € H'(R?),
®(t,x) € C(0,T; H*(R?) n H'(R?)) N CY(0,T; H(R?)) N C?(0, T; L*(R?))
is the solution for the Cauchy problem associated to (4.1). Then for all
te(0,7)
E(t) = [10:2(t) |12 + ubl|0: (1)1
283 (4.4)

L@ 5 + pall @)l — == VRIS = E(0)
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Proof. See ([5]).
Using the previous proposition, it is possible to establish an a prior:
estimate to prove the following global result for the generalized Benney-Luke

equation (4.1) in the energy space.

Theorem 4.2.4. Let m > 1 integer and < 0. For any T > 0, &y €
H'(R?) N H?*(R?) and &, € H'(R?) there exists a unique solution ® of (4.1)
such that ®(0,x) = $p(x), P;(0,x) = P1(x) and

Vo € 0(0,T; H'(R?)), 0,;® € C(0,T; H(R?)).

In following result we establish that the local solution of the Cauchy
problem associated to the generalized Benney-Luke equation (4.1) possesses
more local regularity than the initial data, for instance V®(t,-), ®.(¢,) €
L>(R?) a.e. t € (0,T] when the initial data ®; € H?*(R?) and ®; € H'(R?).

Theorem 4.2.5 (Local well-posedness and local regularity). Let m > 1 and
assume that ®y € H*(R?) and ®, € H'(R?). Then there exists T > 0, T =
T(||®o| g2 (r2), | 1| a1(m2y) such that (4.1) has a unique solution ® satisfying
¢(0,x) = Dy(x), D4(0,x) = Py(x)

® € C(0,T; H*(R?)), ®, € C(0, T; H'(R?)).

In addition,

1/r

(/ QeSS i) <o,

0
T 1/r
( / ||<—A>”-1<I>t<t7->||zth) < o0,
i
8

3
4—and2<q<oo.

q

Q
Il
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In particular,
T
[ 1o eyl <o
0

Moreover, for all 0 < T' < T there ezists a neighborhood V' of (®g, P1) €

H?(R?) x H'(R?) such that the map data solution

1% — C(0,T'; H*(R?)) N L7(0,T"; H*~L(R?))
(Do, @1) — O(t)

15 Lipschitz.

It is also possible to establish local regularity results for solutions of the
generalized Benney-Luke equation in the 3-dimensional case. For all ¢, €
H*(R?®) and ®; € H*}(R?) with 2 < s < 5/2 exist a unique solution ®(¢, )

such that V®(t), ®,(t) € L=(R?) a.e. t € (0,T).

Theorem 4.2.6 (Local well-posedness and local regularity). Assume that
(ug,u1) € H*(R?) x H*'(R®) and 2 < s < 5/2. Then there exists T > 0
such that the Cauchy problem:

{(1 — b2 A) (ugy — Au) = ¢ 2 ((1 = ) Au — wAu — 2Vu - V) — af (Vu),

U(O,X) = U0<X>7 ut(ov X) =u (X)a
(4.5)

has a unique solution u satisfying
u € C(0,T; H*(R?)), du € C(0,T; H*H(R?)),

in addition
1/r

</0T (=AY 2u(t, )|, dt) <o
(/OT (= A)7 Myt ) [0 dt) " < o,

1
q_2,0:§+5and(s—2)_1<q<oo.
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And
/0 (Vo ) (8) 2. dt < oo. (4.6)

With f(Vu) =V - (|Vu|"Vu) and u is such that
ot %) = Yyl ), (4.7)

® satisfying the generalized Benney-Luke equation (4.1), ¢ = a/b, (t,x) €

R, xR} R, =[0,00), a and b are positive real constants.

Using (4.7) with ® satisfying (4.1) in R? we have that the initial value
problem associated to the generalized Benney-Luke equation (4.1) in R?, is
equivalent to

{(1 — bA) (uy — *Au) = (1= *)Au — H(u) (4.8)

u(0,x) = up(x) u(0,x) = uy(x)
where

H(u) = wAu+ 2Vu - Vu, + 3,V - (|Vu|"Vu),

2 _ 0 _ ¢ _ 2 _ B
=, u(x) = —=®;(\/ux),i=0,1, x € R* and f3,, = 7.
b Vi Vi
Considering that the IVP of the generalized Benney-Luke equations (4.1)
and the Cauchy problem associated (4.8) are equivalent, we use the Strichartz
estimates of the wave equations to prove our results of local well-posedness

and local regularity.

4.3 Proof of Theorem 4.2.1

We begin by rewriting our initial value problem (4.8) in the equivalent

form

(1 —bc?A)(uy — Au) = ¢ 2(1 — &) Au — B Fy(u, Vu), (4.9)
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u(0) = up, u(0) = uy, (4.10)

where

Fo.(u,Vu) =V - (|Vu|"Vu). (4.11)

Fix 9/5 < s < 2 and take ¢ € (ﬁ, 2%8) and for T', M > 0, we define the

complete metric space
X7' = {ue ((0,7); H*(R?) : |[|ul|| < M},

where
T
o—1/2 T 1/r
ulll = llwllzge s m2) + (/0 [(=A)7 Y 2u(t, )|, dt)M,
Withr:q%andazgqté—i—%.
We will show that for an appropriate choice of T and M the operator

F(u)(t) = K(t)uo + K(t)uy + /Ot K(t —t"G(u)(t')dt', (4.12)

is a contraction of X into itself.

We will use the notation G(u) = G1(u) + G3(u) where
Gi=c?(1-AA(1—bc?A) (4.13)

and

G3 = —c?Bn(1 —bc 2A) ' E, (u, V). (4.14)

We estimate ||F(u)|| e - using the linear estimate (1.6) and ||IF(u) HL%H2U—1

using the Strichartz estimates, Proposition 1.2.1, as follows,

e+ (L+T)

1F(u)llgemrs + [F(u)ll Ly grze—r < lluol =1
T (4.15)

+/0 (T—L")||G(U)(Zf’)||zdt’+/0 I(=2)E"V2G (u)(t) |2 dt
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To estimate the fractional derivative of the non-linear term, we use that
for1 <s<2
I(=2)C"V2Gs (w) ()13 S N1Vl uglls + V| ™y |13
S IVullS sz + lluyl12} (4.16)
S IVl Vull;

and

I(=2)CD2G1 () ()2 S I(=2)D2u(@)ll2 < llut)]

HS7 (4-17)

for all s.

Using Lemma 1.3.5 we have

IVl < (V]

ireo H IVl gzo—2)™ S lJull s + 2o (4.18)
Therefore, if s+ 1 < s, we have

IVulZ S llul

He + HUH%PL

Since
[(=A)ED2G (w) ||o < )l as ([l + HUH%H)
X (4.19)
o 1 =
then
T T
|82t ot S [ ute) 5
' ° (4.20)
s [l e .
0
Therefore
T
/ [(=A)C 2G5 (u(t)) o dt' < T(lull g™
’ (4.21)

T
+||U||L§9H/ ||u(t’)||7g§afldt’.
0
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Using the Holder’s inequality we get
! /
N ||m / 1-m/r m
/0 O] P A T (4.22)
Combining (4.16), (4.18) and the Hélder’s inequality we conclude

T
/ (T = N Gs(w)(@)ll2dt" S T*([Jull g )™
0

+ T2 | e el 7,

(4.23)

720 —1-
HLI

U

4.4 Proof of Theorem 4.2.2

First, rewriting the IVP associated to equation (4.1) in the equivalent
form (4.8), we will use the Strichartz estimates for the wave equation, Lemma
1.3.9 and the fixed point theorem.

Fix ¢, 2 < ¢ < q(m). Let ug € H'(R?) N H%(R?),u; € H'(R?) and
F g0y (0) (t) = F(u)(t) = K (t)uo+ K (t)u, + /0 Kt —t")G(u)(t) dt', (4.24)

with G(u) = G1(u) + Ga(u) + G3(u) where

Gi=c (1 - A1 —bc?A) M, (4.25)
Go(u) = —c2(1 — be 2 A) YA, ulu,. (4.26)

and
Gy = —c2Bn(1 —bc2A) ' E, (u, V). (4.27)

We define the complete metric space

Y = {ue O[0, T); HA(R*) N H'(R?)) : ||ullly < M}
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with

ullly = llull oo izz + Null oo i+ el e

w ([ =) "y ([ 1) oo
4q 9 3

T g-—2 773 4q
We shall prove that for an appropriate choice of T" and M the operator
given by (4.24) is a contraction on Y.
Letri=7r, g =q, 1o =00, o =2, py=20—1, p =2 and —py = 1,
then r;, q;, p; and p, i = 1,2, satisfy (1.17), (1.18), (1.19), (1.20). Now,
using the linear estimate (1.6), the Strichartz estimates (1.21) and (1.22)

with r;, ¢, p; and p, 1 = 1,2 we get

IE ()l Sluoll g2 + lluoll
T L (429
+ (14T fua [ e +/O I(=A)2G(w) ()] = dt'.

Using the inequalities (2.17) and Lemma 1.3.9 we get
()l <C (luoll g + [luoll g1 + (1 + T)[urll )

+C (1 =T + (@ +Dllullly) llullly — (4.30)
+ O+ T [ul 5+,
1
where § =1+ —.
T
Let & = [Juol| g + [Juwoll g2 + [Jusllzr, M =2C(1+ T)6 and T such that
Cl—AT+C(T+T M+ C(T+T ™" YM™ < 1/2 (4.31)

then we have that F(Y) c Y.
In a similar form, it possible to prove that under the same restrictions on
M and T, the operator F is a contraction on Y. Thus there exists a unique

fixed point of F which is a solution the IVP (4.8). O
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4.5 Proof of Theorem 4.2.5
We can write the solution of the IVP associated to (4.1) as
t
u(t) = K()uo + K (£)ur + / K(t— )G)(t)dt.  (4.32)
0

with G(u) = G1(u) + Ga(u) + G3(u) where

Gi=c (1 —AA(1 —bc2A) M, (4.33)
Go(u) = —c (1 — be 2 A) A, ulu,. (4.34)

and
Gy = —c 2Bu(1 —bc 2A) 1 E,, (u, Vu). (4.35)

For M,T > 0 and 2 < g < q(m), define the complete metric space

X7t ={ue C([0,T); H*(R?)) : |||ull| < M}

where
ull] = Nlullge 2 4 NwellLgorr + [lull gy rze— 4 llwel| gy 2o, (4.36)
) 3
with r = and 0 = — + —.
q—2 8 4q

We shall prove that for an appropriate choice of T" and M the operator
t
F(u)(t) = K(t)uo + K(t)uy + / K(t —t)G(u)(t') dt’ (4.37)
0

is a contraction on XH.
We estimate |||F(u)||| using the linear estimate (1.6) and Stricharzt esti-

mates, as follows,

F )OI S Nuoll ez + (1 + T)ffua ||

T T 4.38
+/0 (T—t')IIG(U)(t’)Ilzdt’+/0 I(=4) G(U)(t')lladt’-( )

N
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Using the inequalities (2.16), (2.17) and Lemma 1.3.9 we get
IF)[I| <Clluoll = + C(1 + T ||
+C (11 =T + PD)|[[ull]) [[]ul] (4.39)
+C(T*+ T+ T | fuf| ™

1
where P(T) =T° +T*+T° '+ T and f =1+ —.
T

Let 6 = ||uol|g2 + ||| g2, M =2C(1 + T)o and T such that
CL-|(T+TH+CPTYM+C(T*+T+T"™") M™ < 1/2 (4.40)

then we have that F(XM) c XM,
In a similar form, it possible to prove that under the same restrictions on
M and T, the operator F is a contraction on X2 . Thus there exists a unique

fixed point of F which is a solution the IVP (4.8). O
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Chapter 5

Local well-posedness of the
generalized Benney-Luke
equations in a periodic setting

5.1 Statement and the proof of the result

We are interested in the Cauchy problem for a rescaled version of gener-

alized Benney-Luke equation (gBL)
Uy — Au + aA*u — bAuy + 2Vu - Vg + wAu+ BV - (|[Vu|™Vau) = 0 (5.1)

u(0,x) = up(x), u(0,%x) = uy(x). (5.2)

where x = (z,y) € T xR (or T x T), and t € R*, a,b > 0, 5 constant, and
m > 0 integer.

The equation (5.1) with m = 2 and a # b is a model to describe dispersive
and weakly non linear long water waves with small amplitude. If we omit the
last term of equation (5.1), it becomes a version of the isotropic Benney-Luke
equation (1) above mentioned in the periodic setting.

In Theorem 5.1.1 we establish result of local well-posedness in H*(T x

R) x H*"I(T x R) for 2 < s < 3 and 3 = 0. It is possible to prove that
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the associated Cauchy problem to (5.1) is locally well-posed in H*(T x T) x
H* YT x T) for 2 < s < 3 and 3 € R, in this case it is necessary to take
the Kato-Ponce commutator estimate for functions in T x T (see [12, Lemma

A.2 in the Appendix]).

Theorem 5.1.1. Let 2 < s < 3 and § = 0. Assume that up € H*(T x R),

up € H*7Y(T x R). Then there exist T > 0 depending on s and (||uo]

Hs +

|ur||gs—1) such that (5.1) and (5.2) has a unique solution u satisfying

1
ue () C([0,T); H (T x R)).
§=0
In addition, the solution map from the initial data to the solution space

15 locally Lipschitz.

Proof.
We begin by rewritting the associated Cauchy problem equation (5.1) in the

equivalent form

flar oo o BT e 69
where
G(u)(7) := G1(u)(1) + Ga(u)(7)
and
Gr(u) (1) == ¢ 2(1 = AA(1 — be2A)
Go(u)(7) == = 2(1 = be 2A) HA, uluy,
with ¢ = a/b.
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We will use the fixed point theorem, thus we show first that the following

operator
. t
Flu)(t) = K(t)uo + K(t)ur + / K(t—)G))dt,  (54)
0
is a contraction on the complete metric space

X7’ ={u e C([0,T|; H*(T x R)) : [[Jull| < M},

where
[wll] == [Sol’lg{HU(t, sy + et ) ae-r(rxmy }
for an appropriate choice of T and M.
From now on, we will denote || - || 2(rxr) and || - ||zoe(rxr) for ||.[[2 and

I|-|| s, respectively.

We estimate ||F(u)(t)]

gs and ||0,F(u)(t)]

g using the linear estimates of

wave operator, as follows,

H51+/0 (t — |G (u)(t")]]2 dt’

s+ (1+1)]|u]

me S ||uol

[T (w) (£)]

t (5.5)
T / 1= D) D2 () (£ e

and

1O () (E) |z S Mlwoll s + (1 + 2) [

wt [ (= DIG@E)

t (5.6)
+ [ N2 G i
0
Now we have the following
T
INE )| < Nuollers + (1 + Tl || s +/0 (T = G @) )2 dt’
(5.7)

T / (=AY D/2G ) () | d
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It is important to recall that
G(u)(7) := Gi(u)(T) + G2(u)(7)
where
Gi(u)(1) == c (1 = A)A(1 — be2A)
Go(u)(7) i= —c 2(1 — be 2A) A, u]u,
and note that if 1 < s < 3 then
I(=2)D2G @) ()]s S 1(=2)C"Y 2u(r)]5 (5.8)
and
I(=2)D2Gsw)(T)]l2 S N[A, uluy(7) 2. (5.9)

Then

fy:A<T—wmmmwmw

S/O (T = ) {Nu®)ll2 + A, ufue () |2} dt’ (5.10)

T
ST%MWMMM+/<T—ﬂMAMmWWﬂﬂ
[0,T] 0

Using once again that
(A, ulu(7) = wAu(r) + 2(Vu. Vu) (1) = A(uuy) — uAuy

it follows that

Iwz/(T—ﬂMAMWWMMf
0 (5.11)
sbA (T — ) (e aolla(E) 11+ + 2Tt (E)]2 | Va1 }

with s > 2.
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For the Sobolev embedding theorem (see [1], [6], [34]) with sg > 1, we

have the following:

T
S / (T = )N @) arso [l ) mrs + 2[|we () || g | ) grso+2 } dt’
0 (5.12)
S T {{luell e rreo el g e + 2l el oo g el e oo
Moreover, denoting by
T
Iy = / [(=A)ED2G () (1)]|, dt’ (5.13)
0

and using (5.8) and (5.9) we have that

T T
L< / (= A) D 208 e + / 1A, wur(#)]}s de
0 0

T
STl g g +/O el oo llw() || - dt’ (5.14)

T
42 [0t Vule) | de
0

T
Iy ST |lull e jres + ||u||LoToHS/ g () 0 It
’ (5.15)

Hso+1 dt,

T
+ 2o [ )
0

Thus

Iy $ T ull e gromr + Tllull oo e el e oo + 2T e oo el e oo, (5.16)

where s = 5o+ 1 > 2.

Using all the above estimates we have for 2 < s < 3 that
IIFC) (OIS 1+ T){lluollzs + |z}

+ T?|lul| oo 2|1 = | + T? ||| oo o1 [l Lo 1o

+ TZHUtHL;oHluuHLS;OHS (5.17)

+ Tllull goo o |1 = | + Tl g prsllue| e o
+ Tl poo o 1o/l L2 -

63



Let & = |Juo||gs + ||u1||gs—1, M = 2C(1 4 T)6 and T such that
Cl—A(T+T*)+C(T+THM < 1/2 (5.18)
then from (5.17) we deduce that
F(XM) c x.
To prove that F : XM — X2 is a contraction we will use that
Go(u) — Go() = —c (1 — be 2A) HA, (u — @)]uy + [A, @) (u — @)}
First we observe that

Fu)(t) — F(a)(t) :/0 K(t =) (G(u) - G(a)) dt’

then
IF(u) = F(a)[]| < / (T = (G (u) — G(a)) ()| dt’
. (5.19)
= [ N8R G ) ~ @)@
and using
G(u)(1) == Gi(u)(1) + Ga2(u)(7),
where
Gi(u)(1) == c (1 — A)A(1 — be2A) 1w
we see that
1F(u) = F(a)[]| < /O (T =) [(Gi(u) = Gi(@)(t) |2 at’
+/ I(=2)EV2(Gy (u) = Gy (@) (t)]] dt’
0. (5.20)

+ [ (T = )I(Ga(u) = Go(a))(t') 2 dt’

+ [ (=AY 2(Gy(u) — Go(@) ()| dt'.

[
/
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Applying (5.9) it follows that
\wmo—wwmws421+T—fwmxu—mmr+MJMu—aMbw'
+/Q —O)I(Grlu— D)) | (5.21)
/\\ )Gy (1= D))

Using Proposition 1.3.1 and Sobolev embedding theorem we have that for

s> 2
mwm—wwqurwﬂ/T ) — @)l
+|1_02'/ [(=2)5=D (w = @)(t) > at
+/0 1+ T =)V (w—a) () loo el g2 d

’ (5.22)
+/0 (LT — ) Jue () ool| (v — @) (¢ )| 7= dt’
+/0 (1+T = VAt ) ool (w = @) (¢') ]| 2 dt’
+/0 (L+T = )[[(uw = @) (&) oo @) = at’,

then
) B Sl [ -l
+|1—C2’/ H (s 1/2 )(t/)Hth/
+/<1+T—ww ) () e ()|
(5.23)

T
+/’1+T_tmt|mlw @) ()| g2 dt’
0

’ﬂ

+A 1+ T — O)|al) | s | (w — @) (@) o A
T
+£ (14T — )| (u = @) () | g1 | 6(t") | g2 It
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therefore

¥ (u) = F@| ST +T)1 = *llu — il g e

T+ T+ T){lu — il

Ut ||L%°HS*1

+ H&HL%’H* (u— ﬁ)tHLOTOHs—l}-

For all u,a € XM
IIF(u) = F@)[l| £ T(1+T)(11 = ¢*| + M)|u — all|.
For the choice of T" and M in (5.18) we have that
CTA+T)(|1 - +M)<1

therefore IF is a contraction en X2

(5.24)

(5.25)

According to Banach fixed point theorem, there exist a unique solution

in X2 of the initial value problem (5.3). By standard arguments, we can

guarantee there exists a unique solution in

C([0,T); H*(T x R) x H*"Y(T xR)). O
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Concluding Remarks

Here we point out some open problems connected with this work.

1. In Chapters 2 and 3, we proved that the IVP associated to the isotropic
Benney-Luke (BL) and the p-generalized Benney-Luke (p-gBL) equa-
tions are globally well-posed for initial data in H*(R?) N H'(R?) x
H'(R?). But it is not clear whether or not one can have local well-

posedness results in the space H*(R?) x H*"}(R?), for s < 2.

2. In Chapter 2, we also proved that IVP associated to the (BL) is lo-
cally well-posed in H*(R?) x H*"1(R3) for 2 < s < 5/2. It would be
interesting to determine whether or not this result could be improved

to obtain the global solutions in H2(R?) N H'(R?) x H'(R?).

3. It is possible to prove global well-posedness for the IVP associated to
the generalized Benney-Luke equation (gBL) for initial data in H?(T x
R)NHY(T xR) x H'(T x R) using the same techniques utilized to prove

Theorem 2.1.2. This will be done somewhere else.

4. Another interesting problem regards the nonlinear scattering for the
p-generalized Benney-Luke (p-gBL) equations. It seems reasonable to

obtain some results in this direction since we already have global solu-
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tions in the energy space and the solutions have good local regularity

properties.

. Using the theory developed here seems possible to establish local well-
posedness for IVP associated to following modified Benney-Luke equa-
tion
q)tt — AD + ,U(CLA2¢) — bA@tt) + E(BAQQ,% — AA3®)
(5.26)
+ e(P;AP 4 2VD - VP,) =0,

where € = p? and the parameters A, B are linked. The equation (5.26)
was proposed by Paumond in [25], which is still valid when we suppose

that a —b+1/3 = «v is equal or close to 1/3. We remind that the model

given by isotropic Benney-Luke equation (1) does not hold for a = b

(a=1/3).
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Appendix

Generalized Strichartz Inequalities for the Wave
Equation

Notation and Preliminaries

The purpose of the present appendix is to give a self-contained form to
this work and follows the ideas of an article of J.Ginibre and G.Velo, [10].
To keep the previous notation we express the standards norms in the

following form:

l]
ull o = flus L9(R: X) ( [ e \&dt) ,

where X is a normed linear space.

We take the space dimension n > 2. Exponents in the spaces L9 are best
characterized by positive multiples of the basic function a(q) = 1/2 — 1/q
which have the following properties:

i) they are linear in 1/¢q and therefore behave linearly under interpolation;
ii) they vanish at ¢ = 2;
iii) they are increasing in g.

Of special interest are the combinations

n+1

5 a(q), v(g)=(n—"1alg), d(q)=nalq).

Blq) =
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The exponent [3(q) is the loss of derivatives in an estimate used later, the
exponent y(q) is the optimal time decay exponent of L4 solutions of the wave
equations, and 0(q) appears naturally in the Holder and Sobolev inequalities
because n/q is the degree of x of the L? norm.

We denote convolution in x or in ¢t by %, or *; and we define the Paley-
Littlewood dyadic decomposition in the following standard form. Let 1& €
Cs°(R™) with values betwen 0 and 1, ¢/(€) = 1 for [¢] < 1 and $(£) = 0 for
£l > 2.

We define ¢o(&) = $/(€) — ¢(2€) and for any j € Z, ¢;(£) = ¢o(279€) so
that

Supp p; C {€: 2771 < |¢] < 271}

and for any £ € R™\ {0} we have

D¢ =1

jEL
with at most two nonvanishing terms in the sum. We also define ¢; =
@j—1+@j+ i1 forall j € Z. Then ¢; = gf:jgéj thereby allowing for the use

of the standard trick
QiU = Pj*pj kU (5.27)

for any tempered distribution u.

The proofs of the inequalities naturally yield then in terms of Besov
spaces.The Sobolev or L? version of the inequalities follows from the Besov
version by the known embeddings between those spaces. With each tem-
pered distribution u we associate the sequence of C'*° functions ¢; * u, to be

considered as a function of two variables 57 and x. The homogeneous Besov
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spaces Bf;s is then defined for any p € R and 1 < ¢,s < oo by

By, = {u: ;|| = 1270 % u; LY < oo} (5.28)

xT

where one takes first the L? norm in the variable  and then the [* norm in

the variable j; i.e.

lull gy, = 12705 * ullis oy = D 27l 0 * ullagumy }°

JET
Similarly the homogeneous Triebel-Lizorkin space F. v is defined, for ¢ <
00, by
Fpo = {u[lus Fy |l = 127 % us LYL|| < oo}
where the norms are taken in the opposite order. By the Minkowsky inequal-
ity
PLYC LU = Bl CFP, for q>s
LY D L° = Bf;’s D F;’s for ¢ <s.
Comparison with the homogeneous Sobolev spaces H. ¢ follows from the

Paley-Littlewood theory. More precisely, from the Hilbert space valued ver-

sion of the Mikhlin-H6érmander theorem which implies that
for all p € R and 1 < ¢ < oo, thereby yielding the inclusions
BQQCHS) for 2<g<oo BS7QDH5 for 1<qg<2  (5.29)

Lemma 5.1.2. Let 1 < g < q1 < 00, p1,p2 € R with p1+5(q1) = p2+9(qa).
Then BP> C BP and

q2,8 q1,8

lus By || < Cllus B2,

q1,8 q2,$
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Proof. See [10], page 54. O

We shall state the Strichartz inequalities in the Besov spaces version,
which is both the stronger one and the easier one to prove. We will need
only the Besov spaces with s = 2 and we will write Bg = BQQ. The Sobolev
version of the inequalities follows from the Besov version by the embedding
(5.29) and is obtained by replacing everywhere B{; by H # and excluding the
cases ¢ = 1 and ¢ = oo.

We are interested in the Cauchy problem for the wave equation

{W“_Au:f (5.30)

u(0,x) = up(x), u(0, %) = uy (X).

We define the operators U(t) = exp(iwt), K(t) = w 'sinwt, and K(t) =
coswt, with w = (—A)/2. The Cauchy problem (5.30) is solved by u = v+4w,

where v is the solution of the homogeneous equation with the same data

vy — Av =0
{U(O,X) = up(x), v,(0,%) = uy(x), (5.31)

namely

v(t) = K(t)ug + K(t)uy v (t) = K(t)Aug + K(t)ul,
and w is the solution of the inhomogeneous equation with zero data,

?%_Aw:f (5.32)

w(0,x) =0, wy(0,x) = 0.

Let L(t) be any of the operators w*U(t), w*K(t), or w K (t), with A € R
and let y, and y_ be the characteristic function of R, and R_ in time. We

define Lg(t) = x4 (t)L(t) and La(t) = x—(t)L(t) where R and A stand for
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retarded and advanced. Then the Cauchy problem is solved for positive time

by

{ w(t) = Jy K(t =) f(#)dt = (K xS0 (5.33

() = [ K(t - t’ f)dt = (Kg % x4+ f)(t).
Similar formulas with advanced operators solve the Cauchy Problem 5.32

for negatives times. We restrict our attention from now on to positive times.

The initial data (ug,u;) for the problem will be taken from the space
Y# = H*(R™) + H*1(R") (5.34)

for p € R arbitrary. The most studied case so far is the case yu = 1 of finite

energy solutions.
Statement and sketch of the proof.
We go now to state the generalized Strichartz inequalities .

Theorem 5.1.3. Let py,po, 0 € R and 2 < q1,q0, 71,72 < 00 and let the

following conditions be satisfied

0<2/r; < Min(y(g:),1) for i=1,2  (5.35)

(2/ri,v(@) # (L,1)  for i=1,2  (5.36)

p1+0(q) =1/ =p (5.37)

p1+0(q1) =1/ =1—(p2+d(g2) — 1/r2). (5.38)

1.- Let (ug,uy) € Y*(see 5.34). Then v satisfies the estimates
los ™ (R, By )| + [lves L™ (R, B~ < Cll (uo, ua); Y. (5.39)

2.- For any interval I C R, possibly unbounded, the following estimates hold
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1K+ f; L (L B < Ol f3 L7 (1, B2, (5.40)

3.-For any interval I = [0,T), 0 < T < oo, the function w = Kg * x,f
defined by (5.33) satisfies the estimates

lows L (2 B 4 s L7 (1, BRI < CIF 5L B (5.41)

The constants C' are independent of I.
The same results hold with Bg replaced by Hg’, everywhere under the ad-

ditional assumption that q; < oo (i = 1,2) whenever ¢; occurs.

Sketch of the Proof. Recalling the definitions of v, w, K and K, the in-
equalities (5.39), (5.40) and (5.41) follow from the corresponding inequalities

A is an isomorphism from

involving only U. In addition, since the operator w
Bg to Bg_’\ for all A € R, we can fix arbitrarily g = 0 without restricting the

generality. It will be therefore sufficient to prove the inequalities

U (yu; L (R, BEH || < Cllul)s, (5.42)
U f; (1, Bo|L < Ol f5 L2 (1, B, (5.43)

for I C R and
U * f5 L7 (L, BEO|| < CIlf5 L2 (1, B (5.44)

for I =1[0,7) C R*, under the conditions (5.35) and (5.36) and
pi+0(r;)—1/¢;=0 for i=1,2. (5.45)

The shift by one from (5.38) to (5.45) is due to the change from K to U.
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We start from the estimate

Suplfexp(itlﬁl +12€)o(€)d€| < min{||gollr, Colt| ="/} (5.46)

the non-trivial part of which is a stationary phase estimate (see [11]). Scaling

¢ by 277 and z, t by 2/, we obtain

b / eap(itl¢] +ix€);(€)de| < Min{[[gol12", Colt|~ /2270112y
(5.47)

which means that
U (1) ¢;]lc0 < Cmin{27 |¢|~(=1)/29i(n+1)/2y (5.48)
Let now f be a sufficiently regular function in the space variable. We estimate
i * U@ flloo = lloj ¥ U)G; * flloo < U@ llooll@s * fll - (5.49)
by (5.27) and the Young inequality, and therefore by (5.48)
s * Ut) flloo < Cmin{2, [¢|7C=D2IHD2Y 1G5 £ (5.50)
By interpolation between (5.50) and the unitarity of U(t) in L?, we obtain
g * Ut) fllg < Cmin{2%°@, || D220 15 £, (5.51)

for 2 < ¢ < co. From now on, we consider separately the case ¢ > 2 and the
limiting case ¢ = 2.
The case ¢ > 2. We multiply (5.51) by 2/°@ and take the norm in i,

thereby obtaining

U @) f; B/ DNe < CltI7 @Y f5 By @, (5.52)
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where we have discarded the first term in the minimun and used the definition
of ¢, and the definition (5.28) of Besov spaces.

Let now f depend also on time and rewrite (5.52) as
. BB - . p'B
Ut =) f(t); B2V < Cle = ¢ DY f(¢); B, (5.53)

Let 0 < 2/¢ = v(q) < 1 and let I C R be an interval. Integrating over
', taking the L™ norm in time and applying the Hardy-Littlewood-Sobolev

inequality, we obtain
Ur % f; L' (I, B @) < Ol f; L7 (1, B, )], (5.54)

where Uy stands either for U or for Uz. Now the last equation without and

with retardation is the diagonal case (r; = r9, ¢ = ¢2) of the limiting case

2/ri = ().
See [10] for the end of the proof, which proceeds by abstract duality ar-

guments.
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