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We give a non-trivial upper bound for Fj(g, N), the size of a By[g] subset of
{l,...,N}, when g>1. In particular, we prove Fz(g7N)<1.864(gN)1/2+ 1, and
Fu(g, N)<W(hh!gN)l/h, h>2. On the other hand, we exhibit B,[g] subsets

of {I,..., N} with

g+19/2]

Vg +2g/2]

elements.  © 2002 Elsevier Science (USA)

N'72 4 o(N'/?),

1. UPPER BOUNDS

Let 7>=2, g>1 be integers. A subset 4 of integers is called a By[g]-
sequence (or Bj[g] subset) if for every positive integer m, the equation

m=x;+-+xp, X< <Xy, X, €A

has at most ¢ distinct solutions.
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Let F;(g, N) denote the maximum size of a Bj[g] sequence contained in
[1,N]. If 4 is a By[g] subset of {l,...,N}, then (“F!~")<ghN, which
implies the trivial upper bound

Fu(g, N)<(ghh!'N)'/". (1.1)

For g=1, h=2, it is possible to take advantage of counting the
differences x; — x; instead of the sums x; + x;, because the differences are
also distinct. In this way, Erdés and Turan [2] proved that
F>(1, N)< N2 + O(N'/#), which is the best possible except for the estimate
of error term.

For h = 2m, Jia [4] proved Fa,(1, N)<(m(m!)*)!/*"NV/2m + O(N'/4m). A
similar upper bound for F»,,_1(1, N) has been proved independently by Chen
[1] and Graham [3]: Fom_1(1, N)<((m)?)/>"=INV/2m=1 L (N1/4m=2),

However, for g > 1, the situation is completely different because the same
difference can appear many times, and for g > 1 nothing better than (1.1) is
known. In this paper, we improve this trivial upper bound.

THEOREM 1.1.  Given positive integers h, g and N, we have
F(g, N)<1.864(gN)'/* + 1,

and

Fi(g, N) (hh\gN)Y™, when h> 2.

< : ;
(1 4 cosi(n/h))"/"

Proof. Let A < [1,N] be a Bjg] sequence with |A4|=k. Put
f()=3,., €. We have f(1)! = SN r(n)e™ where rj(n) is the number

n=h
of solutions of n=a;+---+ay, q;e A (@=1,2,...,h). Then we can

write

hN

hN
SO =hlg Y €™ =" (hlg — r(m)e™ = hlgp(t) — q(2).

n=h n=h
Since ry(n) <h!g, we have
hN hN
> Jhlg = ram)| =Y (hlg — ra(n))
n=h n=h
=(h(N — 1) + Dhlg = > ry(n)
=(W(N — 1)+ Dhlg — k",
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thus |g(¢)|<hh!'gN — k" for every value of . The series p(f) is just a
geometrical series and we can express it as

i 1 — el =D

p() =e o

if 0<t < 27. We shall use only the property that at values of the form ¢ = jt,,
h(Ni with integer j, 1<j<h(N —1), we have p(f)=0, thus
f ()" = ¢(1). Consequently, |f(jty)|<(hhlgN — kh)l/ b for any integer j,
I1<j<h(N —1).
Since the midpoint of the interval [1, N]is (N + 1)/2, it will be useful to
express [ as

[y = R ),

where

f*(l) — Z e(d*((N“rl)/z))il'

acA

Now we consider a function F(x) = Zh(N b bj cos(jx) satisfying F(x)>1
for |x|<m/h. We define Cr =" |bj|.
We are looking for a lower and an wupper bound for

RSP bif Gt

hN-1) W(N—1)

m(z bjf*(jth)>< > bl Gl
j=1 Jj=1
h(N—1

)
= > Illf G

J=1

h(N—1)
< ( > |bj|>(hh!gN—k/’)l/h

Jj=1
= Cp(hhlgN — K")\/". (1.2)

On the other hand,

h=1) WN-D) ‘
<Z bif* (ﬂh> = (Z Z bje’(”_((N—l)/z))llal>

aeA j:l
h(N—
_Z Z bcos(( N2_1>thj>

aed  j=1
-1
)z,,) >k, (1.3)

(G
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because |(a — X7 <m/h for any integer a € A. From (1.2) and (1.3) we
have

1
14| = k<71/h(hh!gN)l/h.
(1 +&
T

For i > 2, we can take F(x) = Cos(n oS cos(x), which satisfies the conditions
above with Cp = W and this proves the theorem for 4> 2. F or h=2,we
can take F(x)=2cos(x) — cos(2x), Cr = 3, which gives |4|< 10 gN, a
non-trivial upper bound. However, an infinite series gives a better result.
Take the function

x| <m/2,

Fe) = {l—i—ncos(x) n/2<|x|< 7.

It is easy to see that F(x) =Zcos(x)+2 7, COZ(’TI/ 2 cos(nx). This series
satisfies that F(x) = 1 for |x|<n/2 with

1
CF—?T/2+2242 n/2+2z ( m)_n/2+1.

However, we must truncate the series to the integers n<2(N — 1). Let

AN-

Py = e 2 57 D

7 os(nx).

Observe that |Fr(x) — F(x)|<2 > on n2 0 2N 5. Now we consider the

polynomial F*(x) = 3N=2Fr(x). If |x|<m/2 we have

F* (0] =30 2 IF() + Fr() — Fo)
2N -2
> 2T IR~ Fr() — Fo)
2N — 2( 1 )
> -
2N -3 2N -2
= 1’

and Cp- <3=%(n/2 + 1). Thus

4| = (gN)'/2.

172

(1+
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A simple calculation gives
2 2 1

_ <

172 123N

<1+1>/ (1_'_%)/ N
Ci* Cr

Then

2 g
A=k ) 4 S
(1+3)

Cr
o+ 4
— TR JaN+ L <1864/gN + 1
V2 +4n+8 N

because, obviously, g<N. 1

2. LOWER BOUNDS

Now we are interested in finite B[g] sequences as dense as possible.
Kolountzakis [6] exhibits a B[2] subset of {1,...,N} with /2N!/2+
o(N'/?) elements taking 4 = (249) U (24y + 1) with Ay, a B,[1] sequence
contained in {1,...,[N/2]}.

In general it is easy to construct a B,[g] subset of {1,...,N} with
(gN)l/2 + o(N'/?) elements. In the sequel we improve these results.

THEOREM 2.1.
g+1g/2]

Vg +2g/2]

For g = 2, Theorem 2.1 gives

F>(g,n)> N2 4 o(N'/?). (2.1)

F>(2,N)=3N"2 4+ o(N'/?).

In general, for g even we get

3
F(g, N)=——=(gN)"* + o(N'/?),
2V/2

And for g odd,
3-(/9)
2v2-(1/9)

Fi(g,N)> (gN)"/2 + o(N'72).
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Remark. Jia’s constructions of By[g] sequences in [5] does not work (Jia,
personal communication). In the last step of the proof of Theorem 3.1 of Jia
[5] we cannot deduce from the hypothesis that {b,..., by} = {bs,...,bum}.
Jia’s argument can be modified if we define g,(h,m) as the number of
solutions of the equation a = x| + - - - + x; (mod m), 0 < x; <m — 1. It would
imply the result [B| = /gN + o(y/N). But for g = 2 it is the Kolountzakis’s
construction [6].

We need some definitions and lemmas in order to construct B;[g]
sequences satisfying Theorem 2.1.

DErFINITION 2.2. We say that ay, ay, .. ., a; satisfies the B*[g] condition if
the equation a; + a; = r has at most g solutions. (Here, a; + a; = a; + a;
counts as two solutions if i#j.)

DEerFINITION 2.3. We say that a sequence of integers C is a B, (mod m)
sequence if ¢; + ¢; = ¢, + ¢; (mod m) implies {c;, ¢;} = {ck, ci}.

LemmA 2.4. If ay,ay,...,a; satisfies the B*[g] condition, and C is a

B, (mod m) sequence, then the sequence B = Uf:o (C+ma;) is a Blg]
sequence.

Proof. If bi+b=by+by=---= b!,+1b;+1, bj,bj’- eB for
j=1,...,9+ 1, we may write

/ / !
bi=c¢+aym, b;=c+am,

J / / /
where ¢, ¢ € Candq;, a; € {ao, ..., ar}, and b, bj are ordered so that ¢; <.
First, we note that

¢+ ¢ =ci+c (modm) for all js,

which implies ¢; = ¢;, and Q; =c) forall j=1,...,9+ 1 because C is a
B, (mod m) sequence. Therefore, all the g + 1 sums a;, + ay are equal. Since
{ay, ...,a;} satisfies the B*[g] condition, we see that there exist u and v with
w#v such that

which implies that b, = b, and b}, = 5. 1
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LEMMA 2.5.  The subset
A9 =AU A= {k; 0<k<g—1} U ig—1+2k 1<k<[g/2]}
satisfies the condition B*[g].

Proof. Let r(m)=|{a; am—aecA'}| and rj(m)={a; ae A,
m—ae Af}|, 1<i, j<2. We have r(m) = ri1(m) + 2ri2(m) + ryp(m) because
2 = .

With this notation we will prove that r(m)<g for any integer m. First we
study the functions r;.

® ri(m): If a,m—ae Af, then 0<a<g—1 and 0<m —a<g—1,
which implies

max{0,m — g+ 1} <a<min{g — 1,m}.

Then
ri1(m) = max{0, min{g — 1,m} — max{0,m — g+ 1} + 1},
and
m+1, 0sm<g—1,
rmim)=4q29-—m—1, g<m<2g-1,
0, 2g — 1<m.

® rip(m): If ae A, m—aeA], then a=g—1+2k, 1<k<[g/2]
and

0<m—(g—1+2k)<g— 1,

which implies

- v < < ) — Y
max{l, 5 }\k\mm{ {Z], 3 .

Since the k’s are integers, we can write

max{l, [%} }sksmin{ [%} {m%g“} }
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Then
0 if m<y,
Fia(m) = [+ if g<m<2g -1,
12 —
[4] - 23 if 29<m<3g — 1,
0 if 3g—1<m.

® 1y (m): Obviously, if m is odd then ry(m) = 0.

Ifam—aedf, thena=g—1+2k,m—a=g—1+2j, 1<), k<[g/2].
We have

1<j=2--n-k<[j.

which implies, if m is even, that

wer{12 0 [2] 1} ckemn( 0[]}

Then

ran(m) = max{O,min{% -4, E}} - max{l,%— g — [g} + 1} + 1}.

Therefore, if m is even

0 if m<2g,
m/2—g if 29<m<3g -1,

ra(m) = g+2[g/2] —m/2 if 3g<m<dg -2,
0 if 4g —2<m.

Now, we are ready to calculate r(m).

o Ifm<g—1, r(m)=r(m)=m+ 1<g.

o If g<m<2g—1, r(m)=rii(m)+2rn(m) =29 —m — 1 + 2244
<K29g-m—-1+m—-g+1=g.

o If 2g<m<3g—1, and m is odd, r(m)=2r;(m)=2(g/2]
) <g. If m o is even, r(m) = 2ry(m) + ra(m) = 2([g/2]
") + mf2 — g = 2[g/2] - (m— 29) + m/2 — g = 2[g/2] + ¢
-m/2<2[g/2]+ g — (29)/2<y.

o If3g<m<4g— 2,and mis odd, r(m) = 0. If m is even, r(m) = ry(m)
=g+2[g/2] —m/2<g+2[g/2] - 39)/2<g/2<g. 1
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Proof of Theorem 2.1. 1t is known [2], that for m = p> +p + 1, p prime,
there exists a B, (modm) sequence C, such that |C,|=p+1 and

C, < [1,m].
Let us take
k
B= U (Cm + mai),
i=0
where 49 = {agp,ai,...,a;} is defined in Lemma 2.5.

Observe that B < [1,m(1 + a;)], where ay =g — 1+ 2[g/2]. Observe,
also, that |B| = |49]|Cu| = (g + [9/2])(p + 1). Then, Lemma 2.4 implies that

Fylg,m(g + 2[g/2D]1= (9 + [9/2D( + D).
For any integer n we can choose a prime p such that

n—om<@p*+p+1)g+2g/2)<n
Then

Fslg,n1> Flg,m(g + 2[g/2])]
=(g+1[g9/2Dp@+ 1)
g+19/2]

> 5
V9 +2l9/2]

n'? +omn'?). 1
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